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Scattering diagrams first appear in mirror symmetry |KS| as combinatorial data which prescribe how to reconstruct the mirror manifold. In particular it has been

proved that on one hand they encode Gromov—Witten invariants |GPS| and, on the other hand that they govern deformations of the complex structure [CLM]. In

|Fan| the author introduced the extended tropical vertex group V by studying the asymptotic behaviour of certain special solutions to the Maurer-Cartan equation

which govern infinitesimal deformations of a semi-flat Calabi-Yau manifold together with a holomorphically trivial vector bundle on it. The main result is that the

leading order asymptotics defines naturally a consistent scattering diagram in the new group V.

Setting

Let B be a tropical affine manifold, A be a lat-
tice subbundle of the tangent bundle T'B and
A* = Homy(A, Z) be the dual lattice, which is a
subbundle of the contanget bundle T™ B.

SYZ fibration

B-model

~

X :=TB/A is the total space of the torus
fibration p : X — B endowed with the one
parameter complex structure Jy, A € R+,
induced from the complex structure of T'B.

A-model

X := T*B/A* is the total space of the
dual torus fibration p : X — B, which is
a symplectic manifold with symplectic form
wy, 1= h~ 1w, where w is the canonical com-
plex structure on X.

Let E — X be a rank r holomorphically trivial
vector bundle on X and fix an hermitian met-
ric h which is constant along the fibers of X.

Moreover, we set. Fg the Chern curvature of the
Chern connection V¥ of (E, h, 0g).

Deformations of (E, X)

Let A(E) := End E&T?X be the holomorphic
bundle on X, endowed with the complex struc-

ture 5A(E) = (a(f (%i), where By := o.F'g

for every ¢ € QP(X,T*°X). The simbol _ de-
notes the contraction of forms with vector fields.
The Kodaira—Spencer DGLA which governs in-
finitesimal deformations of the pair (E, X) is

KS(E, X) = (2"*(X, A(E)), Oa(m). [, ])
where the Lie bracket
] QPP(A(E)) < QM(A(E)) — QPPTI(A(E))
is defined as follows

(A, ), (A", )] :=([A, A'] + V" A"+
o (_1)pqw_,vEA’ [907 W)
Infinitesimal deformations of the pair (E, X) are

(A, @) € Q%Y (X, A(E))[t] which are solutions of

Maurer—Cartan equation

Oaim)(A, ) + 51(A0). (A)] =0 [MC]

up to gauge equilvance, where t}vle action of
gauge group is defined by h € Q°(X, A(E))[t]

exp(h) * (A, ) == (4, p)+

-3 i Oam i+ (A ). )

Scattering Diagrams in the Extended Tropical Vertex

Let C[t] be the ring of formal power series in the parameter ¢. Elements of n € A* can be regarded
as derivations 0,, € Der(C|A]) where 0,,2™ := (n, m)z"™. Let h be the Lie algebra

= @ Cmt (gl C) @ mb) © (Dl CIANECCE]) & (CIAJECCI) () 07 A7)
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(AZ™,2"0p), (A2 Zm/an’)] = ([4, A/]g[2m+m/ A (n,m") 2™ — Al m)zm ™

Zm—I—m’ a(n,m’)m’— (n’ ,m)n)

where m*— € A* denotes 0, with the unique primitive vector n € A* such that (n,m) = 0 and

it is positively oriented with respect to Agr := A ®z R. The extended tropical vertex group
V := exp(h) is a subgroup of GL(r, C[A][t]) x Autcpy(C[A][t]) with the BCH product.
Scattering diagrams are defined as a collection of walls w; = (9;,0;):

- 0; is either a ray (0; = & + R>om;) or a line (0; = Rm;), where m; € A and &y € Ag;

- 0, € @', such that log6; := ) (Ajkzkmtj,ajkzkmtjé’n) < 6

]
Moreover, for every N > 0 there are finitely many walls with 6; # 1 mod ¢*.
The above defintion is modelled to definition of scattering diagrams of |GPS|, where the tropical

vertex is replaced by V. Given a generic loop v: |0, 1] — Ar the path ordered product ©., 5 is defined
as the product of the 6; according to the order of the path ~. In particular, ® is a consistent

scattering diagram if for every generic loop v, 0, o = 1dy.

Theorem (|KS|). Let ® be a scattering diagram. There exists a unique minimal scattering diagram
Do \ D such that Do, \ D consists only of rays, and it is consistent.

Main Result

Theorem (|Fan|). Let ® = {wy,ws} be a scat-
tering diagram with non parallel walls. Then the
consistent scattering diagram 2., can be com-
puted from the the asymptotic behaviour of solu-
tions of MC equation.

Proof:

We briefly sketch the proof of the main result:
> (6, B ]6) is a Lie sub-algebra of
(QO(A(E)), -, -]KS), in the limit A~ — 0. Let &
be the Fourier transform acting on the fibers
of X then o™ := Z(e2™(m2)) ¢ Q%(U) and
Oy, = F(0,) € Q°(TB) where 0,, € QO(T10X).
In addition 2™ gets replaced by 1™ in the
definition of .

Furthermore, |-, -|; is the leading order term in
hoof Z([Z71(), 7 ()]ks)-

» O ~ Il := 111 + II,, where II;,1I; are solu-
tions of MC respectively supported on 01, 09,
i.e. for + = 1,2 there exists a unique gauge h;
so that II; = exp(h;)*0 and limy_,o h; = log(6;)
on the upper half plane above 0; and it vanishes
otherwise.

> O = 11+ )  po

prim

®(®) is a solution of
MC. Furthermore for every a & Zgrim ®(@) ig
a solution of MC supported on a ray of slope
me = a1mi + asms, namely there is a unique
he such that exp(hg) * 0 = @),
> O > D =D U{w, = (04,0,)}, where
0, := mgR>¢ and log 0, := limp_,g hy,
» O,9p_ = idg which is proved by a mon-
odromy argument.

Conclusion

+«On the B-side, our main result shows the rela-
tion between scattering diagrams in V and the
asymptotic behaviour of infinitesimal deforma-
tions of (E, X).

+«On the A-side, in |Fan2| the author proves that
certain genus zero Gromov—Witten invariants
for toric surfaces relative to their toric boundary
divisor, can be computed from consistent scat-
tering diagrams in V. However, we do not have
a complete description of the enumerative con-
tributions coming from the mirror of (E, X).
«Finally, in |Fan| the author proves that scatter-
ing diagrams in V have applications in physics
with 2d-4d wall crossing formula.
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